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7KH RFFXUUHQFH RI KDUPIXO YLEUDWLRQV FKDWWHU DGYHUVHO\
DIIHFWVWKHDFKLHYDEOHSURGXFWLYLW\DQGVXUIDFHTXDOLW\LQKLJK
VSHHG PHWDO FXWWLQJ 6XSSUHVVLQJ RU DYRLGLQJ FKDWWHU LV
WKHUHIRUH DQ LPSRUWDQW WDVN IRU PDFKLQLQJ HQJLQHHUV 7KXV
LQYHVWLJDWLQJWKHG\QDPLFVRIPDFKLQHWRROFKDWWHULVDQDFWLYH




FKLS WKLFNQHVV DQG KHQFH LQ WKH FXWWLQJIRUFH RQH UHYROXWLRQ
ODWHU6WDELOLW\SURSHUWLHVRIPDFKLQLQJSURFHVVHVDUHGHSLFWHG
E\ WKH VRFDOOHG VWDELOLW\ OREH GLDJUDPV ZKLFK SORW WKH
PD[LPXPVWDEOHGHSWKVRIFXWYHUVXVWKHVSLQGOHVSHHG7KHUH
DUHPDQ\GLIIHUHQW QXPHULFDO DQG VHPLDQDO\WLFDOPHWKRGV WR
JHQHUDWHVWDELOLW\OREHGLDJUDPVXVLQJWKHG\QDPLFSDUDPHWHUV
RI WKHPDFKLQHWRROZRUNSLHFHV\VWHPVHHHJ WKHPHWKRGV
OLVWHG LQ >@ +RZHYHU SUHGLFWHG VWDELOLW\ GLDJUDPV GR QRW
DOZD\VPDWFKH[SHULPHQWDOFXWWLQJWHVWV>@









WKH EHKDYLRU RI WKH SURFHVV ZKHQ ODUJHDPSOLWXGH YLEUDWLRQV
DULVH$VLWZDVVKRZQLQ>@PDFKLQHWRROFKDWWHULVDODUJH
DPSOLWXGHYLEUDWLRQ HYROYHG DV D UHVXOW RI D VXEFULWLFDO+RSI
ELIXUFDWLRQ)URPSUDFWLFDOSRLQWRIYLHZWKLVPHDQVWKDWEHORZ
WKH OLQHDU VWDELOLW\ ERXQGDULHV DQ XQVWDEOH SHULRGLF RUELW
FRH[LVWV WRJHWKHU ZLWK WKH VWDEOH IL[HG SRLQW DVVRFLDWHG ZLWK
VWDWLRQDU\ FXWWLQJ ,I WKH V\VWHP JHWV RXW RI WKH GRPDLQ RI
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XQVDIH]RQH>@,IWKHWHFKQRORJLFDOSDUDPHWHUVDUHVHWZLWKLQ
WKHXQVDIH]RQHWKHQPDFKLQHWRROFKDWWHUFDQVXGGHQO\HYROYH
LQ VSLWH RI WKH IDFW WKDW WKH V\VWHP LV OLQHDUO\ VWDEOH
&RQVHTXHQWO\UHOLDEOHHVWLPDWLRQRIWKHXQVDIH]RQHLVRIKLJK
LPSRUWDQFH
7KH XQVDIH ]RQHZDV REVHUYHG H[SHULPHQWDOO\ DOUHDG\ E\
6KLDQG7RELDVLQ>@VHH)LJLQ>@7KH\GLVWXUEHG
D VWDEOH PDFKLQLQJ SURFHVV E\ KLWWLQJ WKH FXWWHU KHDG E\ D
KDPPHU)RUVPDOOKDPPHUEORZWKHYLEUDWLRQVVHWWOHGDIWHUD
WUDQVLHQW KRZHYHU IRU ODUJH EORZ FKDWWHU EXLOW XS $PRUH
VRSKLVWLFDWHGGHPRQVWUDWLRQRIWKHXQVDIH]RQHZDVSUHVHQWHG









RQ WKH UHODWLRQ EHWZHHQ WKH FXWWLQJ IRUFH DQG WKH XQFXW FKLS
WKLFNQHVVVHHDOVR>@IRUPRUHGHWDLOV)RU LQVWDQFH LI WKH
FXWWLQJIRUFH FKDUDFWHULVWLFV LV JLYHQ E\ DQ H[SRQHQWLDO IRUP
HJE\WKHWKUHHTXDUWHUUXOHWKHQWKHXQVDIH]RQHRFFXSLHV
RQO\RIWKHOLQHDUO\VWDEOHUHJLRQ+RZHYHULIWKHFXWWLQJ
IRUFH FKDUDFWHULVWLFV LV JLYHQE\ D FXELF H[SUHVVLRQ WKHQ WKH
XQVDIH]RQHFDQEHVLJQLILFDQWO\ODUJHU
7KHDQDO\WLFDOHVWLPDWHIRUWKHVL]HRIWKHXQVDIH]RQHLQ>@
GRHV QRW PDWFK WKH QXPHULFDO UHVXOWV IRU ODUJHDPSOLWXGH
YLEUDWLRQV 7KHUHIRUH DQ LPSURYHG KLJKHURUGHU HVWLPDWLRQ
ZDVUHFHQWO\GHULYHGLQ>@ZKLFKDJUHHVZHOOZLWKQXPHULFDO




,Q WKLV SDSHU WKH VLQJOHGHJUHHRIIUHHGRP PHFKDQLFDO
PRGHO RI RUWKRJRQDO FXWWLQJ LV LQYHVWLJDWHG 7KH PRGHO LV
VKRZQLQ)LJZKHUHD WXUQLQJRSHUDWLRQRIDVROLGVKDIW LV
SUHVHQWHG 7KLV PRGHO FRQVLGHUV YLEUDWLRQV RQO\ LQ WKH IHHG
GLUHFWLRQ PRWLRQ LQ RWKHU GLUHFWLRQV LV QHJOHFWHG 7KH
YLEUDWLRQVEHWZHHQWKHWRRODQGWKHZRUNSLHFHDUHGHVFULEHGE\
          QQ thFmtxtxtx x  Z]Z   
ZKHUH m LVWKHPRGDOPDVV ] LVWKHGDPSLQJUDWLRDQG QZ 
LV WKH XQGDPSHG QDWXUDO DQJXODU IUHTXHQF\ RI WKH GRPLQDQW
YLEUDWLRQPRGHRIWKHFXWWLQJSURFHVV
7KHݔGLUHFWLRQDOFRPSRQHQW xF RIWKHFXWWLQJIRUFHDFWLQJ
RQ WKH WRRO FDQ EH JLYHQ DV D FXELF SRO\QRPLDO RI WKH FKLS
WKLFNQHVV h DFFRUGLQJWRWKH7RELDVIRUFHH[SUHVVLRQ>@


















WHHWK 1Pî   U  1Pî 

U 
1Pî U 1RWHWKDWZKHQ h WKHWRROLV
QRWWRXFKLQJWKHZRUNSLHFHDQGWKHFXWWLQJIRUFHLV]HUR,QWKH
DQDO\VLV SUHVHQWHG EHORZ WKLV FDVH LV H[FOXGHG DQG LW LV
DVVXPHG WKDW WKH WRRO UHPDLQV LQ FRQWDFWZLWK WKHZRUNSLHFH
GXULQJWKHHQWLUHFXWWLQJSURFHVV$OVRQRWHWKDWRWKHUFXWWLQJ
IRUFHH[SUHVVLRQVOLNHWKHWKUHHTXDUWHUUXOHDUHFRPPRQO\XVHG
DVZHOO >@ 6XFK H[SUHVVLRQV FDQ EH H[SDQGHG LQWR 7D\ORU
VHULHVXSWRWKLUGRUGHUDQGFDQEHZULWWHQLQWKHIRUP
7KH LQVWDQWDQHRXV XQFXW FKLS WKLFNQHVV  th  FDQ EH
FDOFXODWHGDFFRUGLQJWRWKHWKHRU\RIUHJHQHUDWLYHPDFKLQHWRRO
FKDWWHUDV
      txtxhth  W  
ZKHUH h LVWKHIHHGSHUUHYROXWLRQDQGW LVWKHUHJHQHUDWLYH
GHOD\ZKLFKLVQRZHTXDOWRWKHURWDWLRQDOSHULRGRIWKHVSLQGOH
: W ZKHUH: GHQRWHVWKHVSLQGOHVSHHGLQUSP
(TXDWLRQV  IRUP D GHOD\GLIIHUHQWLDO HTXDWLRQ ZLWK
FXELF QRQOLQHDULW\ /HW XV LQWURGXFH WKH GLPHQVLRQOHVV WLPH
a Qtt Z  WKH GLPHQVLRQOHVV GHOD\ a QWZW  DQG WKH
GLPHQVLRQOHVV WRRO SRVLWLRQ    hxx  [  ZLWK
    Q ZmhFx x $IWHU GURSSLQJ WKH WLOGHV WKH
GLPHQVLRQOHVVHTXDWLRQRIPRWLRQEHFRPHV
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8QVDIH]RQHLQWKHVWDELOLW\OREHGLDJUDPV
7KH OLQHDU VWDELOLW\ ERXQGDULHV RI (T  GHSLFWHG RQ WKH
SODQH RI WKH GLPHQVLRQOHVV VSLQGOH VSHHG  :S DQG WKH
GLPHQVLRQOHVV FKLSZLGWK p DUHZHOO NQRZQ >@ DQG DUH
UHIHUUHGWRDVVWDELOLW\OREHGLDJUDPV$QH[DPSOHLVVKRZQLQ
)LJZLWK  ] +HUHWKHOLQHDUVWDELOLW\ERXQGDULHVDUH
VKRZQE\VROLGOLQHV





PRGDO SDUDPHWHUV RI WKH PDFKLQLQJ V\VWHP DQG WKH
XQFHUWDLQWLHV LQ WKH FXWWLQJ IRUFH FKDUDFWHULVWLFV  2Q WKH
RWKHU KDQG OLQHDU VWDELOLW\ DQDO\VLV FDQ VWLOO IDLO WR SUHGLFW
PDFKLQH WRRO FKDWWHU HYHQ IRU D SHUIHFWO\ EXLOW PHFKDQLFDO
PRGHO ZLWKRXW XQFHUWDLQWLHV 7KH UHDVRQ EHKLQG LV WKH
QRQOLQHDULW\ RI WKH FXWWLQJ IRUFH DV D IXQFWLRQ RI WKH FKLS
WKLFNQHVV
7KH HIIHFW RI FXWWLQJ IRUFHQRQOLQHDULW\ RQ WKH VWDELOLW\ RI
PDFKLQLQJRSHUDWLRQVKDVEHHQVWXGLHGVLQFHWKHV,Q>@
WKHSKHQRPHQRQRIfinite amplitude instabilityZDVUHSRUWHGLQ
FXWWLQJ H[SHULPHQWV $FFRUGLQJO\ WKHUH H[LVW FHUWDLQ
WHFKQRORJLFDO SDUDPHWHU FRPELQDWLRQV VXFK WKDW VWDEOH
VWDWLRQDU\ FXWWLQJ PD\ EHFRPH XQVWDEOH IRU ODUJH HQRXJK
GLVWXUEDQFHVVXFKDVLQKRPRJHQHLWLHVLQWKHZRUNSLHFHPDWHULDO
RU GLVFRQWLQXLWLHV HJ KROHV RU JURRYHV LQ WKH PDFKLQHG
VXUIDFH7KHVHSDUDPHWHUUHJLRQVDUHUHIHUUHGWRDVXQVDIH]RQH
LQ WKH VWDELOLW\ OREH GLDJUDPV ,Q WKH XQVDIH ]RQH WKH OLQHDU
VWDELOLW\ DQDO\VLV SUHGLFWV FKDWWHUIUHH FXWWLQJ EXW GXH WR
QRQOLQHDUHIIHFWVPDFKLQHWRROYLEUDWLRQVLQLWLDWHIRUH[WHUQDO
GLVWXUEDQFHVDQGODUJHEXWILQLWHDPSOLWXGHYLEUDWLRQVDULVH


















LUUHVSHFWLYH RI WKH VSLQGOH VSHHG DQG WKH DQG FKLS ZLGWK
7KHUHIRUH ELVWR SHUFHQWRIWKHVWDEOHUHJLRQSUHGLFWHGE\OLQHDU
FXWWLQJ IRUFHPRGHOV LV XQVDIH DQG VKRXOG EH DYRLGHGZKHQ
VHOHFWLQJWKHWHFKQRORJLFDOSDUDPHWHUV




















7KH XQVDIH SDUDPHWHU UHJLRQ LV LQGLFDWHG E\ GDUN JUH\
VKDGLQJLQ)LJDQGLWVERXQGDU\FDOFXODWHGDFFRUGLQJWR(T
LVVKRZQE\DGDVKGRWOLQH+HUHWKHIHHGLV > @ȝP  h 
SHUUHYROXWLRQ7KHERXQGDU\RI WKHXQVDIH]RQHREWDLQHGE\
(T LVDOVRLQGLFDWHGE\DGDVKHGOLQH,WFDQEHVHHQWKDW





WKH EXLOWLQ 0DWODE VROYHU ddensd $OWKRXJK WKH DQDO\VLV
SUHVHQWHGDERYHH[FOXGHVORVVRIFRQWDFWEHWZHHQWKHWRRODQG
WKHZRUNSLHFHGXULQJPDFKLQHWRROYLEUDWLRQVLWZDVWDNHQLQWR
DFFRXQW GXULQJ WKH QXPHULFDO VLPXODWLRQV VKRZQ LQ )LJ 
&RUUHVSRQGLQJO\ D QRQVPRRWK V\VWHP ZDV VLPXODWHG ZKHUH
VZLWFKLQJ RFFXUV EHWZHHQ WKH G\QDPLFV RI D WRRO FXUUHQWO\
HQJDJHG LQ FXWWLQJ DQG D WRRO ZKLFK ORVW FRQWDFW ZLWK WKH
ZRUNSLHFHDQGLVRXWRIWKHFXWGXHWRODUJHDPSOLWXGHFKDWWHU











      txthth  WF  
+HUH  tF GHQRWHVWKHSRVLWLRQRIWKHPDFKLQHGVXUIDFHZKLFK
LV GLIIHUHQW IURP WKH SRVLWLRQ  tx RI WKH WRRO ZKHQ ORVV RI
FRQWDFWRFFXUVEHWZHHQ WRRODQGZRUNSLHFH:KHQWKH WRRO LV
RXWRIFXW   th WKHPDFKLQHGVXUIDFHGRHVQRWFKDQJHDQG
   tth FWF   KROGV:KHQWKHWRROLVHQJDJHGLQFXWWLQJ
  !th WKHPDFKLQHGVXUIDFHDQGWKHFXWWLQJHGJHDUHDWWKH
VDPH SRVLWLRQ    ttx F 7KH ODVW WZR HTXDWLRQV IRU  tF 
ZHUHGLIIHUHQWLDWHGZLWKUHVSHFWWRWLPHDQGZHUHDGGHGWRWKH
VHW RI JRYHUQLQJ GLIIHUHQWLDO HTXDWLRQV WR SHUIRUP WKH
VLPXODWLRQVZLWKddensd
7KH VLPXODWLRQ UHVXOWV DUH VKRZQ IRU D VHW RI IRXU
WHFKQRORJLFDOSDUDPHWHUFRPELQDWLRQVLQGLFDWHGE\SRLQWV$%
&DQG'LQWKHVWDELOLW\OREHGLDJUDPLQ)LJ$WHDFKSRLQW
WKH VLPXODWLRQV DUH SUHVHQWHG IRU WZR GLIIHUHQW LQLWLDO
FRQGLWLRQV7KHLQLWLDOIXQFWLRQVZHUHFRQVWDQWDORQJ dd tW 
ZLWKYDOXH  [ DQG  [ IRUFDVHV$DQG%DQG  [ 
DQG  [ IRUFDVHV&DQG'UHVSHFWLYHO\$FFRUGLQJWRWKH
VLPXODWLRQVSRLQW$LVXQVWDEOHSRLQW'LVVWDEOHIRUERWKLQLWLDO
FRQGLWLRQV:KHUHDVSRLQWV%DQG&DUHVWDEOHIRUVPDOOLQLWLDO
YDOXHV EXW EHFRPH XQVWDEOH IRU ODUJH RQHV %DVHG RQ WKH
VLPXODWLRQV SRLQWV % DQG & DUH LQGHHG XQVDIH DQG KHQFH




LQYHVWLJDWHG ZLWK VSHFLDO DWWHQWLRQ WR WKH FXWWLQJ IRUFH
QRQOLQHDULW\,WLVNQRZQWKDWOLQHDUG\QDPLFDOPRGHOVPD\IDLO
WR SUHGLFW PDFKLQH WRRO FKDWWHU IRU FHUWDLQ WHFKQRORJLFDO
SDUDPHWHUV1DPHO\WKHUHH[LVWVDQXQVDIH]RQHLQWKHVWDELOLW\
OREH GLDJUDPV RI PDFKLQLQJ ZKHUH WKH FXWWLQJ SURFHVV LV
OLQHDUO\ VWDEOH EXW FKDWWHUPD\ VWLOO LQLWLDWH IRU ODUJH HQRXJK
GLVWXUEDQFHVGXHWRQRQOLQHDUHIIHFWV+RZHYHU WKHUHVXOWVRI
OLQHDU VWDELOLW\ DQDO\VLV FDQ HDVLO\ EH H[WHQGHG DQG XVHG IRU
QRQOLQHDUPRGHOVDVLPSOHHVWLPDWLQJIRUPXODZDVJLYHQLQ(T
WRFDOFXODWHWKHVL]HRIWKHXQVDIH]RQHUHODWLYHWRWKHVL]HRI
WKH OLQHDUO\ VWDEOH UHJLRQ 7KHUHIRUH LQ RUGHU WR GHWHUPLQH D
VDIH FKDWWHUIUHH WHFKQRORJLFDO SDUDPHWHU UHJLRQ RQH KDV WR
FRPSXWH WKH FKDWWHUIUHH GRPDLQ EDVHG RQ VWDQGDUG OLQHDU
PRGHOVFDOFXODWHWKHVL]HRIWKHXQVDIH]RQHXVLQJ(TDQG
VXEWUDFWWKHXQVDIH]RQHIURPWKHOLQHDUO\VWDEOHUHJLRQ
$SDUW IURP WKH QRQOLQHDU HIIHFWV WKHUH H[LVW VHYHUDO RWKHU
IDFWRUV WKDW FDXVH GLIIHUHQFHV EHWZHHQ WKHRUHWLFDO VWDELOLW\
SUHGLFWLRQV DQG H[SHULPHQWDO UHVXOWV2Q RQH KDQG WKHUH DUH
XQFHUWDLQWLHV LQ WKHPHFKDQLFDOPRGHO LWVHOI DQG LQ LWVPRGDO
SDUDPHWHUVDVZHOODVLQWKHFXWWLQJIRUFHPRGHO2QWKHRWKHU
KDQG WKHFRPSOLFDWHGSURFHVVRIFKLSIRUPDWLRQPD\LQFOXGH









WR WKHVH UHVXOWV KDV UHFHLYHG IXQGLQJ IURP WKH (XURSHDQ
5HVHDUFK &RXQFLO XQGHU WKH (XURSHDQ 8QLRQ¶V 6HYHQWK






YLEUDWLRQ LQ PDFKLQLQJ $60( 3URGXFWLRQ (QJLQHHULQJ 5HVHDUFK
&RQIHUHQFH3LWWVEXUJK
>@ $OWLQWDV < 0DQXIDFWXULQJ $XWRPDWLRQ  0HWDO &XWWLQJ 0HFKDQLFV
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